This paper is a contribution to the problem of particle localization in non-relativistic Quantum Mechanics. Our main results will be (1) to formulate the problem of localization in terms of invariant subspaces of the Hilbert space, and (2) to show that the rigged Hilbert space incorporates particle localization in a natural manner.
INTRODUCTION
In Quantum Mechanics courses, we are taught that the concept of trajectory does not make any sense in the quantum realm. We are also taught that the solutions to the Schrödinger equation are not supposed to be interpreted as real waves, but rather as probability amplitudes-in Quantum Mechanics, what is "waving" is probability. We are therefore encouraged to picture particles not as point-like entities, but rather as sort of clouds of probability. This picture is reinforced by, for example, drawings of orbitals of the Hydrogen atom, or by animations of wave packets impinging upon a barrier.
We nevertheless like to think that when performing an experiment in the lab with, say, atoms, the wave functions that describe the atoms are localized in the lab. We definitely don't picture the atomic wave functions spreading all around space. Instead, we naively expect that we prepare clouds of probability that are localized in the lab, and that those clouds remain localized in the lab during the experiment. In this paper, we discuss to what extend such naive expectation holds in non-relativistic Quantum Mechanics.
Mathematically, the problem of localization can be formulated as follows. Given a wave function f that is localized at t = 0, does f remain localized as time goes on? We shall see that such question is best formulated as the invariance of subspaces of the Hilbert space under the time evolution group. Particle localization can therefore be reduced to the study of invariant subspaces of the Hilbert space under time evolution.
The structure of this paper is as follows. In Section 2, we discuss three types of localization (compact-support, polynomial and exponential) and formulate them as the invariance of certain subspaces of the Hilbert space under time evolution. In Section 3, we discuss the compact-support localization. Although it is well known that compact-support localization is not possible, we anyway discuss it, for the sake of completeness and for the sake of comparison with polynomial and exponential localizations. In Setion 4, we discuss the theorems that are most relevant to polynomial localization. In Section 5, we discuss exponential localization. In Section 6, we explain how localization is built into a rigged Hilbert space. Finally, in Section 7, we state our conclusions.
Our discussion will be elementary and, unfortunately, we shall not be able to prove whether exponential localization holds, which is the remaining challenge of non-relativistic particle localization.
THREE TYPES OF LOCALIZATION
Quantitatively, the localization of a particle is characterized by the rate at which its wave function falls off outside the region where the particle is supposed to be localized. There are many ways to characterize such falloff. The three most important falloff regimes, which are also the ones we are concerned with in this paper, are the compact-support, the polynomial and the exponential regimes (see Fig. 1 ):
where a ≺ b indicates that the falloff "a" is stronger than the falloff "b." Within each regime, one can differentiate several sub-regimes. For example, in the polynomial regime, one can have 1/x falloff, 1/x 2 falloff, and so on. In functional-analysis terms, the localization of particles can be formulated by constructing subspaces of the Hilbert space whose wave functions satisfy the desired localization conditions. Thus, for compact-support localization, we construct the space c.s. of functions f that vanish beyond a finite distance R f > 0: c.s. = {f ∈ L 2 | |f (x)| = 0 for |x| > R f ; and additional properties} , (2.2)
where in "additional properties" we include other extra properties that the wave functions may have to satisfy (e.g., differentiability). For polynomial localization
